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Abstract. In the present work the stress-strain state of a reinforced concrete slab with a transverse edge crack of 

constant depth is considered. There is investigated the effect of reinforcement upon the distribution of the fracture 

mechanics along the crack front. The uniformly or linearly distributed stresses at the slab ends are described as an 

external load. These loads correspond to pure tension and pure bending of the slab, respectively. For a case when 

the depth of the crack is less than the depth of the reinforcement rod, an analytical approach for an assessment of 

the crack state is proposed. As a characteristic of the crack state, the stress intensity factor (SIF) is used. Using the 

finite-element CalculiX package, the numerical results have been obtained, and adequacy of the analytical solution 

justified. The calculations have been performed for a wide range of variations in the geometrical parameters of the 

slab and the crack. For this purpose, a principle of replacing the external load with the pressure on the crack faces, 

well known in linear fracture mechanics, is generalized for the case of heterogeneous elastic bodies. The results 

of calculations show that the variation of the SIF value along the crack front is insignificant (up to 5% for 

practically realizable parameter values). On this basis it is concluded that the crack depth most likely is constant 

in the early stages of its fatigue development. For shallow cracks the SIF value will decrease near the reinforcing 

rod. It is interesting to note that for deep cracks the presence of reinforcement can lead to local increasing, not 

decreasing, of the SIF values. Considering this fact, the results presented in the paper may be useful in the design 

of reinforced concrete structures. It is especially important to take it into account in an individual design, in 

particular, in designing agricultural buildings where non-standard reinforced concrete structures are used. 
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Introduction 

Since most modern building structures include reinforced concrete elements, the importance of 

studying the crack resistance of these elements is beyond doubt. One of the most common structural 

elements are reinforced concrete slabs. A lot of works are devoted to the research of crack resistance of 

reinforced concrete elements. The main emphasis in these works is placed on studying the crack 

resistance properties of concrete as a material. An overview of the directions of development of these 

studies can be found in [1; 2]. A relatively small part of works is devoted to the study of the interaction 

of concrete and reinforcement, more precisely, the study of the effect of reinforcement upon the state of 

cracks in concrete. А recent extensive review of the corresponding papers can be found in [3]. But even 

in these works (see, for example, [4]), there are considered, as a rule, certain configurations of reinforced 

concrete elements, which makes it impossible to generalize their results for a wide range of the existing 

reinforced concrete elements, including reinforced concrete slabs.  

Although concrete is a non-linear material, there are confirmations of the possibility of using linear 

elastic fracture mechanics (LEFM) to study its crack resistance. It was demonstrated in [5] that the 

applicability of LEFM depends on the dimensions of the concrete element and the allowable values for 

various types of deformation were given. There are also examples of successful practical application of 

LEFM methods to concrete structures (see, for example, [6]). These methods make it possible to assess 

the state of cracks for a wide range of changes in the geometric and physical parameters of the reinforced 

concrete elements. Taking into account the regularities of the impact of reinforcement upon the state of 

cracks, obtained in this way, helps increase the crack resistance of the reinforced concrete elements. 

This is especially important under the conditions of rural low-rise construction where individual 

construction projects are often implemented, and non-standard reinforced concrete elements are used. 

This work is a continuation of the research, started in [7]. But a fundamental difference of this work 

with [7] is the assumption that the crack did not reach the reinforcement (l < a), i.e. the crack faces and 

the reinforcing rods (bars) do not intersect. Therefore, we consider a concrete rectangular slab of the 

length L, width W and thickness h, reinforced with longitudinal steel rods with a step 2s along the width 

of the slab (Fig. 1). The axes of the reinforcing rods are located at a distance a from the bottom surface 

of the slab, and their diameter is d . It is assumed that in a certain cross section of the slab there is a face 
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crack of constant depth l, the faces of which do not reach the reinforcing rods: l < a – d/2 (Fig. 2). The 

problem is how to determine the distribution of the stress intensity factor (SIF) along the crack front in 

tension and bending of the slab for various values of geometric parameters. As it is known [8], SIF is 

the main characteristic of the linear fracture mechanics. Due to the periodicity and symmetry, in order 

to solve the problem, it is sufficient to consider one half-period of the slab with a width of s.  

 

 

 

Fig. 1. General view of slab Fig. 2. Half-period of slab 

Materials and methods 

To assess the state of a crack, it is first necessary to perform an analysis of the stress-strain state of 

a reinforced slab without cracks. The period of such a slab is a composite rod, consisting of a reinforcing 

rod and a concrete matrix. The theory of tension and bending of composite rods, based on the Euler-

Bernoulli hypothesis, is well developed and included into many textbooks on the strength of materials 

and the theory of elasticity (see, for example, [9]). Let us expose its main provisions, necessary for 

constructing an analytical solution. 

The starting point in obtaining expressions for stress is the Euler-Bernoulli kinematic hypothesis: 

initially flat sections, orthogonal to the axis of the rod, remain flat and orthogonal to the axis of the rod 

even after its deformation. As a composite rod, we will consider the slab period, which includes one 

reinforcing rod. In this case, the period axis is parallel to the axis of the reinforcing rod. 

In the case of pure stretching the period axis does not change its configuration. Therefore, the 

hypothesis of flat cross sections means that the sections move rectilinearly along the axis as absolutely 

rigid. It follows from this that the longitudinal deformations of the concrete matrix c and the 

reinforcement s coincide. Due to the relative smallness of the slab thickness the normal stresses in the 

axial direction y can be neglected in both components of the slab, while in the direction z (the plate 

width) the normal stresses can be neglected only in the reinforcing rod, but in the concrete matrix it is 

correct to consider the corresponding deformation component as absent.  
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where Ec, Es – elasticity moduli of concrete and steel; 

 vc – Poisson’s ratio of concrete; 

 Ēc – reduced modulus of elasticity of concrete; 

 σc, σs – longitudinal stresses in the concrete matrix and the reinforcing rod. 

The values of stresses σc and σs are found from the equilibrium condition of the period of the slab. 

Obviously, the cross-sectional area of the entire period A, the cross-section of the reinforcing rod As and 

the cross-section of the concrete matrix Ac are given by the correlations  
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Assuming that uniformly distributed constant axial stresses p are set at the end of the slab (see Fig. 

3a), then the equilibrium equation for the period of the slab in the projection of all forces in the 

longitudinal direction can be written as 

  pAAA sscc =+  . (2) 

From (2), taking into account (1), we find (3) 
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Correlations (3) determine the stress state in the reinforced slab without cracks when it is stretched. 

By virtue of the Saint-Venant principle they are performed at a distance from the ends of the slab 

with a value of several its thicknesses. Since the value of the elasticity modulus of steel is an order 

greater than the value of the elasticity modulus of concrete, the stresses in the reinforcing rod are also 

an order higher than the stresses in concrete. 

 

 

a) 

 

b)  

Fig. 3. Stress distribution at slab under: 

a – tension; b – bending 

Fig. 4. Geometry of slab cross-section near 

arming rod 

At pure bending the kinematics of the cross-sections period is more complicated: while remaining 

flat, they turn by a certain angle (see Fig. 3b). Besides, the axis of the period becomes curved along the 

arc of the circle in plane x y. As in the case of the homogeneous rod, the consequence of the hypothesis 

of flat sections is a linear distribution of stresses along the coordinate: 
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where ρ – radius of curvature of the period axis after deformation;  

 y0 – coordinate y of the centre of the cross-sectional area of the period (the period axis). 

The position of the period axis is found from the condition of absence of the longitudinal force: 

 0=+  AdAd
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Substituting (4) into (5), after obvious transformations, we obtain an expression for the coordinate 

of the period axis: 
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where  Ss, Sc – static moments of the cross sections of the reinforcing rod and the concrete matrix 

relative to axis z, equal to the product of their areas As and Ac by the coordinates of their 

own centres ys0 and yc0 (see Fig. 4). 
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The value of the radius of curvature of the period axis after deformation is found from the 

equilibrium condition for the moment of all forces relative to axis z : 

 MAdyAdy

sc A

s

A

c =+   , (6) 

where M – bending external moment. 

Taking into account (4), equation (6) makes it possible to express the radius of curvature in terms 

of the bending moment: 
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where Is, Ic – moments of inertia of the cross sections of the reinforcing rod and the concrete 

matrix relative to the central axis of the entire cross section z0. This axis passes through 

point y = y0 parallel to the axis z (see Fig. 4). 

Consequently, at a pre-set bending moment for one period of the slab the longitudinal stresses have 

the following distributions: 
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Correlations (7) determine the stress state in a reinforced slab without cracks far from the ends of 

the slab during its pure bending. If the bending moment at the end is given in the form of linearly 

distributed longitudinal stresses, then its value is determined by the formula 
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where p – maximum value of longitudinal stresses at the end of the slab (see Fig. 3b). 

Knowledge of the stress state in a slab without cracks makes it possible to construct an analytical 

method to determine the characteristics of a crack in its presence. As a parameter, characterizing the 

state of the crack, we will use the stress intensity factor (SIF). Since the crack is located entirely in the 

concrete matrix, to find SIF distribution along its front, one can use numerous analytical dependencies, 

given for homogeneous bodies in the reference literature. In addition, the external load for a 

homogeneous period (without a reinforcing rod) will not coincide with the external load for the period 

of the considered reinforced concrete slab. It is chosen from the considerations that in both cases the 

stress state on an imaginary, mentally drawn surface of the crack faces must coincide. For example, in 

the case of pure tension of the initial period by stresses, the period p without reinforcement should be 

stretched by stresses σc, determined by the first of formulas (3) (see Fig. 3a).  

In accordance with correlations (3) and (7), the longitudinal stresses on the imaginary crack faces 

of the initial period take either constant values or values that vary linearly with the depth. 

Besides, these stresses do not change along the crack front. Therefore, to further construct an 

analytical solution, one can use the expressions for SIF for an edge crack in an elastic strip, stretched by 

constant and linearly varying stresses. The corresponding approximations can be found in the handbook 

[10]. So, for the case of pure tension it contains an approximation of the values of the stress intensity 

factor IK , which in our notation can be presented as 

 ( )432 39.3072.2155.10231.012.1  +−+−= lK cI , hl /= . (8) 

The relative error of such an approximation does not exceed 0.5% for α ≤ 0.6. 

To determine SIF for pure bending, the stress in (7) must be decomposed into constant and linearly 

proportional components: 
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For the constant component approximation (8) is again used, replacing in it σc. For the linearly 

proportional component we can use approximation [10] 

 ( )432
1 0.1408.1333.74.1122.1  +−+−= lK cI , hl /= , (9) 

the relative error of which does not exceed 0.2% for α ≤ 0.6. The calculated value of SIF in this 

case is found as the sum of (8) and (9). 

 

 

Fig. 5. General view of finite element model for 

s̄ = 1, l̄  = 0.1, ā = 0.2, d̄ = 0.05 

Fig. 6. Part of the model with crack face zone 

near reinforcement rod 

To test the proposed analytical approach, calculations were carried out, using the CalculiX finite 

element package [11]. This package has proven itself well in solving problems of fracture mechanics 

[12]. To perform calculations, a multi-parameter finite-element model was built. 

As the main geometric parameters, the depth of the crack l, the depth of the axis of the reinforcement 

rod a , the diameter of the reinforcement rod d and the length of the half-period s were determined. All 

of them were dimensionless by their ratio to the plate thickness. The model was built for a large number 

of values of these parameters. The values of the dimensionless crack depth l̄  and the dimensionless 

depth of the reinforcing rod axis a were moved in increments of 0.1, the dimensionless diameter of the 

rods d̄ was taken equal to 0.05 and 0.1, and the dimensionless length of the half-cycle s̄ was taken to be 

1 and 2. The general view and a fragment of the model are shown in Figures 5 and 6, respectively. 

Results and discussion 

Examples of distribution of longitudinal stress fields in the half-period of the slab in tension and 

bending, calculated by the finite element method, are shown in Figures 7, 8 and 9, 10, respectively. The 

following values of elastic characteristics were taken in calculations: Ec = 24GPa, Es = 210GPa, vc = 0.2, 

vs = 0.3. It can be concluded from Figure 7 that during tension over the entire cross section of the crack, 

with the exception of points, adjacent to the crack front and the reinforcing rod, practically constant 

longitudinal stresses act in the concrete matrix. Similarly, it follows from Figure 9 that the stresses in 

bending are generally distributed linearly. In addition, Figures 8 and 10 show that in both cases the level 

of longitudinal stresses in the reinforcing rod is much higher. Thus, the numerical calculations confirm 

the adequacy of distributions (3) and (7). 

The results of the numerical calculation of SIF, in comparison with the values analytically 

determined by formulas (8) and (9), are shown in Figures 11-14. In all these graphs the solid lines 

correspond to the numerical values of SIF, and the dashed lines correspond to the analytical ones. Also, 

the values of the parameters d̄ = 0.05 and s̄ = 1 are chosen as common for all graphs. The numbers in 

the circles represent the values of the parameter ā, corresponding to the curve. The horizontal axis shows 

the dimensionless frontal coordinate: z̄ = z/s, and the vertical axis shows the dimensionless value  
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of SIF. The subscript “N” means that SIF was calculated when the slab was stretched, and the index 

“M” was calculated when it was bent. Consequently, Figures 11 and 12 show the SIF distributions for 

the case of tension, and Figures 13 and 14 for the case of bending.  

  

Fig. 7. Stress distribution over the cross-

section of crack location (tension) 

Fig. 8. Stress distribution within “crack face - 

reinforcement rod” zone (tension) 

  

Fig. 9. Stress distribution over the cross-

section of crack location (bending) 

Fig. 10. Stress distribution within “crack face - 

reinforcement rod” zone (bending) 

Figure 11 presents the plots of distribution of SIF in tension of the slab for a crack of depth l̄  = 0.1 

at different depths of the axis of the reinforcing rod. For each value of the second parameter its own 

curve is numerically constructed, while the analytical value of SIF does not depend on it, and, therefore, 

there is only one dashed curve. At a first glance on the figure, it can make the impression of a significant 

scatter of the obtained values. However, in fact, the relative width of the interval of change of all values 

is less than 5%. If the vertical scale were set off from its zero value, it would be difficult to distinguish 

the curves in the graph scales. This conclusion applies to all presented graphs, and to the results obtained, 

in general. Thus, one can reveal good agreement between the calculated and the analytical values of SIF. 

The local impact of the reinforcing rod upon the SIF values is manifested when the crack front 

approaches the reinforcing rod at a distance, comparable to its diameter. The plots of the distribution of 

SIF at the slab tension for a crack of the depth l̄  = 05 and different depths of the reinforcing rod axis are 

presented in Figure 12. The conclusions, drawn on the basis of the analysis of the graphs in Figure 11, 

remain valid in this case as well. Comparison of the graphs in Figures 11 and 12 shows that the 

sensitivity of the SIF values to the closely spaced reinforcement for deep cracks is somewhat higher. 

Figures 13 and 14 present graphs of SIF distribution at bending of the slabs containing cracks with 

the depth l̄  = 0.1 and l̄  = 0.5. At bending, in contrast to the case of tension, the stresses in the concrete 

matrix (7) depend on the depth of the reinforcing rod, so each solid curve has its own dashed curve. On 

the whole, agreement between the numerical and the analytical results in the case of bending is even 

better than in the case of tension. At the same time there is also a lower sensitivity of the SIFvalues to 
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the location of the reinforcement. It is interesting to note the fact (see Fig. 14) that for deep cracks, when 

the reinforcing rods are laid on the side of the compressed fibers of the slab, they can even cause a slight 

increase in the SIF values, i.e. contribute to the destruction of concrete.  

  

Fig. 11. SIF for l̄  = 0.1 (tension) Fig. 12. SIF for l̄  = 0.5 (tension) 

  

Fig. 13. SIF for l̄  = 0.1 (bending) Fig. 14. SIF for l̄  = 0.5 (bending) 

Conclusions 

The calculation results show that the impact of the reinforcing rod upon the change in the SIF value 

along the crack front can be neglected when the distance between them is the diameter of one rod, or 

more. In this case, the corresponding constant SIF value can be calculated with high accuracy, using the 

analytical formulas, provided in this work. This conclusion is valid both for the case of the slab tension 

and for the case of its bending. It follows from what has been said that at the initial stages of development 

of cracks in the reinforced concrete slabs, their depth also practically does not change along the crack 

front if the factors, other than the mechanical load, do not influence the process of the crack 

development.  

When the crack front approaches the reinforcing rod, its impact manifests itself in the form of local 

decrease in the SIF value for shallow cracks (up to half the thickness of the slab). In the case of deep 

cracks, the reverse phenomenon can be observed - as the crack front approaches the reinforcing rod in 

its vicinity, the SIF value increases. This conclusion indicates the inadmissibility of using reinforced 

concrete slabs in an “inverted” state when reinforcement is in the upper layers of the slab. In addition to 

the obvious loss of strength in such a position, such slab also reduces the crack resistance. Moreover, in 

order to increase the crack resistance of a slab with a two-layer reinforcing frame, the upper reinforcing 

rods should be chosen with a smaller diameter than the lower rods. This recommendation is relevant 

within the context of rural buildings, since the implementation of individual construction projects often 

uses elements of the same type. 
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