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Abstract. Solving of parabolic partial differential equations (PDE) is closely connected to many practical studies
of mathematical physics, environmental science, chemistry, etc. — modelling of heavy metal distribution in peat
layer’s block; solving heat transfer problems in multilayer environments. Despite the current great capabilities of
software, the development of accurate and effective numerical technique algorithms is still ongoing, particularly
in areas 2-D and 3-D involving periodic boundary conditions (PBC). The solutions of some linear and nonlinear
problems for parabolic type equations and systems with (PBCs) are obtained using the method of lines (MOL) to
approach the partial differential equations (PDS) in the time and discretization in space applying the finite
difference scheme (FDS) and the finite difference scheme with the exact spectrum (FDSES). As an application of
the described mathematical models the 3-D diffusion problem of peat block is solved. The FDS method in the
uniform grid is used to approximate the differential operator of the second and the first order derivatives in the
space, using multi-point stencil. The solution in the time is obtained analytically with continuous and discrete
Fourier methods and numerically, using MATLAB.

Keywords: analytical solutions, circulant matrices, finite difference schemes, Fourier series, heat transfer
equations, linear and nonlinear systems.

1. Introduction
A periodic function y = f(x), having a period L, can be represented as f(x + L) = f(x).

In the 2-D problem which depends on time t, the second argument t is not discretized and the method
of lines (MOL) is used to solve such problems with given initial conditions at t = 0.

In the source [1] the finite-difference scheme (FDS) for local approximation of periodic function’s
derivatives in a 2n + 1 point stencil is studied, obtaining higher order accuracy approximation. This
method in the uniform grid with N mesh points is used to approximate the differential operator of the
second order and the first order derivatives in the space, using the multi-point stencil.

It is shown that the eigenvalues of FDS matrix representation A can be obtained as a sum whose
terms do not depend on n. This allows easily solving FDS by the spectral decomposition of A.

In recent decades, parabolic partial equations have been intensively developed, as many researchers
have used them in chemistry, biology, etc. Periodic semi-linear parabolic partial equations are interesting
because they can explain the seasonal variation of the phenomena seen in the models [2-4].

The described methods are applicable for solving of various problems of mathematical physics
involving periodical functions and periodic boundary conditions (PBCs), for example, the 3-D diffusion
problem of peat block [5], the 2-D problem for the system of magnetohydrodynamic (MHD) equations
along with the heat transfer equation for the viscous electrically conducting incompressible liquid-
electrolyte by moving between infinite cylinders placed periodically [6; 7], the method for representing
periodic functions and enforcing exactly PBCs for solving differential equations with deep neural
networks [8], the novel discrete differential operators for periodic functions of one and two-variables
[8; 9].

The solutions of some problems of partial differential equations (PDE) with PBCs are obtained,
using the method of lines (MOL) to approach PDEs in the time and for discretization them in the space,
applying FDS of a different order of the approximation and the finite difference scheme with FDSES.

Here the FDS method in the uniform grid is used to approximate the differential operator of the
second order and the first order derivatives in the space, using the multi-point stencil. The solution in
the time is obtained analytically with continuous and discrete Fourier methods and numerically, using
MATLARB solver “ode 15s”, “pdepe”.
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2. Materials and methods

In the chapter 2.1 a multi-point stencil for local approximation of periodic function derivatives, as
the theoretical basis for performing numerical experiments, is studied.

PDEs and heat transfer equations with convection are widely represented in mathematically
oriented scientific fields such as physics and engineering. For example, they underlie today’s scientific
understanding of heat, diffusion, convection, thermodynamics and fluid dynamics.

It should be noted that it is in many cases more difficult to analyse heat transfer by convection
(create a Math Model, run numerical experiments, interpret the results obtained) compared to heat
transfer in a particular material (environment) [6; 11].

Being based on the theoretical and practical possibilities of mathematics applications we study the
following PDEs- heat transfer equations with convection (chapters 2.2-2.8):

1. linear heat transfer equation (1) is given in chapter 2.2, solution with the Fourier method (chapter
2.3) and the corresponding discrete method FDS and FDSES (chapter 2.4) [10; 11] for solving them
are studied;

2. linear system of heat transfer equations (5) is given in chapter 2.5 and the corresponding solution
with the Fourier method (chapter 2.6) with its matrix form (chapter 2.7) is considered,

3. nonlinear system of heat transfer equations (8) is given in chapter 2.8, its discrete solution in matrix
form is obtained numerically. Since the exact solution of the equation (8) cannot be found, the
changes in the maximum and minimum values of the found numerical solutions are compared
depending on the parameters used.

Possible uses of equations (1), (5) and (8): combustion processes (plaster plates, wheat straw
pellets); reaction-diffusion equations for the combustion process, such as a nonstationary and nonlinear
physical model for chemical reaction with temperature and with reaction-diffusion equations; nonlinear
heat transfer equations [11].

There is an increasing number of researches into the environmental impact of various sources of
natural origin — atmospheric deposits, soil dust and aerosols, surface drainage water, as well as
anthropogenic sources — atmospheric particles, wastewater, industrial emissions, etc.

Although some heavy metals (e.g. Fe, Ca), which are part of trace elements, play an important role in
the world of plants and animals, their high concentrations become dangerous for any form of life.

Chapter 4 therefore studies the distribution of concentrations of metal Ca in the peat block by
solving the 3-D initial boundary value problem for PDEs (10) with PBC in two directions.

2.1. Multi-point stencil for approximate differential operator of the second and the first order
derivatives

We start with describing methods for higher order accuracy approximation of a smooth from the
space Can +2[0, L] function in an interval [0; L]. Consider the uniform grid x; = jh,j= 0,N, Nh = L. Let
n be natural number, satisfying 2n + 1 <N.

PBCs allows to freely increase approximation order by increasing the stencil of grid points. In the
case of 2n + 1 point stencil we have to use additional conditions of periodicity ur = Un+r, I € [-n, n].
This way algorithms with higher order precision FDS can be obtained.

Similarly [1], we use multi-point stencil to approximate derivatives of the second and the first order
respect to space argument x, (u’, u”) in the uniform grid.

We consider the finite difference approximation for the second order derivative —u"(x;) using the
uniform grid x; = jh with 2n + 1 points stencil (Xjn, ...Xj-1,Xj,Xj + 1,--. ,Xj + n)-

Then we have O(h?") order of approximation in the following form:

) 1 N h2bu(2n+2)
u (xj)=FZK=7anu(xj_k)+ E, (2n+2§!§)’X"'” <E <K

Using properties of symmetry
C,=C,.C,=-2> C,
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and to determine the other coefficients Cr, (m > 0), we get the system of linear algebraic equations with
the Van-der-monde matrix:
o _ 2P

" m*(n—m)(n+m)

If m=2n+ 2 then
E,=-2> C,m*?.

In this case the finite difference matrix A for the second order derivative approximation —u"(x;) is
circulant N order matrix in the form [11].

A=—h—lz[co,cl,...,cn,o,...,o,cn,cn,l,...,cz,cl].

The eigenvalues of the matrix A are [1]

4 n ok
= e X0 Quinet 2

where the coefficients
o - 2m-1yr@ar
" (2m)
are not depending on n.

Using the first derivative u'(x;) for the higher order approximation O(h?") we have the following
circulant matrix representation:

A° =—%[0,cl,cz,...,cn,0,...,0,—cn,—cnfl,...,—cz,—cl]

where

()" (1™ in

m(n—m)!(n+m)!'m:1’n'

m

Then the eigenvalues are imaginary (i =/—1);
yf:ﬂzn c sinzﬂk:asin%zn qmsinm%,

h &=m=t N h N —mi
where
2((mr)y* 4™
On ="/~
m(2m)
are not depending on n.
2.2. Heat transfer eq8uation with convection
oT(x,t o°T(x,t oT(x,t
(gt )=K0 6)52 )+PO a(x )+f(x,t). @)

With the periodic boundary conditions

aT(0t) aT(Lt)
T(0,t)=TI(L,t), = ,tel0,t ),
0:0)-T). T2 - e o)
where Ko — const > 0, Py = const > 0 are real coefficients;
T(x,0) = To(X), f(x,t), To(x) — initial condition — periodic functions with the period L,
to— final time.
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2.3. Solution with Fourier method
We can use the Fourier method for solving the initial-boundary value problem in the form

T(xt)= 2 a, (w  (x), f (x,t) =2 b, (" (x)

kez kez

w (x) = \/Eexp( Zﬂlikxj, w(x) = \/Eexp(— Zﬁkxj =w*(x);

(wH,wm)= IOL w(x)w" (x)dx = 8, , — orthonormed eigenvectors bi(t) = (f,w*(x)).

where

Then for the unknown functions a; (t) get the complex initial value problem for ODEs of the first
order:

—2izks (2)

where

The solution of (2) is
a, (t)=exp(- 2t)a, (0)+ || exp(z (t—s))b, (s)ds

The solution with the Fourier method can be obtained in real form

f(x,t)= g(b (t)cosz—tio( +b,(t)sin anx) b°°2(t) :

where

2 L 27Ks 2 L . 27Ks
bkc(t)tfo f(s, t)cosTds ka()LL f(s,t)sin Tds.

Therefore, the solution is in real form:

T(xt)= i(akc(t)cosz—ikx +a,(t)sin Z—T_kx) 4 B ® ,

k=1 2

where the coefficients ax(t), aws(t) can be obtained from the following initial boundary value
problem of the system of two ODEs:

{akc( )+a, (t)Re(2, )+a,, (t)Im(4, ) =D, (t)
a,(t)+a, (HRe(4,)-a, (t)Im(4, )=b,(t)

a,.(0)= i jLTO(s)COSZ_”L"Sds

a.(0)= %.[LTO (s)sin 2—7|Z_ksds

21,2
Re(4, )= Kﬂ,lm(;tk):—P%

L2
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2.4. Discrete method
For the discrete problem we have the system of N ODEs in the form

U(t)+ K,AU (t)- P,A°U(t)= F(t)U(0)=U,

where A, A® - 3-diagonal circulant matrices of N order, with the eigenvalues ux, 1

U(t), U (t), Uo, F(t) — column-vectors of N order.
We can also use the matrix representation A = WDW", A° = WD°W",
where D, D° — diagonal-matrices with the elements s, 0, k= 1N .

(4)

For FDSES we can replace the eigenvalues in the diagonal-matrices in a special way (N2 = N/2)

[12]:
2 2 .
d, = 4”k for k=1,N, and d, %forkzNz,N
df—Z”'k for k =1,N, and d} = MforkzNz,N

For the column-vector F(t) elements fj(t) we obtain

*

fj(t):ZNZ:(b (t)COS%erkS()sm ijj by (t)

k=1 2

where

ZL fi(t)cos == ks(t)EZLf (t)sin ==,k =1,N,,
0 (0)=bc ()= by, (=5 2 cosl),

NZZ%’szs( ) Zklﬂk Zkl B+

For the solution

2
bkc (t)ﬁ

u;(t)= Z;S;(akc(t)cos%ﬂkj +a,(t)sin %j ay,(t)

2
and
u; (0) = Z;!f[akc(o)cos%ﬂm +a, (0)sm % ] aocz(t)
with
Uj(t):Z*Nz[akc(t)coszTﬂkj“‘aks(t)sm ZTﬂkJ) ocz(t)
2 o 27K 2 N, 27Kj
a,.(0)= WZLUJ- (O)COSTJa a,,(0)= WZLUJ- (0)sin TJ

we need to determine the unknown functions axc(t), aws(t) f the following expressions:

f,(t) = u, + Ky(Au), — Ry (A), =

= Zk 1(akc(t)cos szj +a,(t)sin Z;\Zlkjj i n

2

K" (akc 14, coszT]ZkJ +a(t)u, sin ZTﬂij -

800



ENGINEERING FOR RURAL DEVELOPMENT Jelgava, 24.-26.05.2023.

-p>" ( a,(t kCOSZTﬂkj+aks(t)/1ksin2Tﬂkj]

From orthonormed conditions follows:

—Z cosz—ﬂkjsmmzﬁkm,3 " smz—ﬂmsm@:ékm,
1= N N N N '
—z cosz—ﬂkjcos%_ék'rn

and to determine the functions a(t), axs(t) we obtain the systems of ODEs (3), where the
eigenvalues /Jx are replaced with the discreate eigenvalues

Kotte =Py k=LN .

2.5. Linear system of heat transfer equations
We consider the linear system of M-heat transfer equation in the following form:
2
oT (x,t) _ K @ T(>2<,t)+ b 6T(x,t)+ £(x.1)
ot OX OX

with the periodic boundary conditions
K — positive definite M-order matrix with the elements k_ ., m

eigenvalues ux > 0;

(®)

,s=1M and with different positive

P is the real M-order matrix with the elements p__,m,s =1,M and with different real eigenvalues

e,
T(x,0) = To(X),f(x,1), T(x,t), To(X) — periodic functions column-vectors of the M-order.

2.6. Solution with Fourier method

We can use the Fourier method for solving the initial-boundary value problem in the real form:

T(xt)= i(akc(t)cos 27|Z_k +a,(t)sin #j + ay(t)

k=1 2
where  ak(t), aks(t) — unknown column-vectors of M-order.

We obtain the initial boundary value problem for the system of 2M- ODEs:
Ay (t) = -1, Kay, (t)+ A Pay, +by, (t)’
By (t) = -4 Kay, (t) — 4 Pay +by (t)’

a.(0)= %LLT (5)0052—7st ds

a.(0)= %LLT (s)sin 2—7|z_ksds

where
2 (L 27Ks 2L . 27Ks
bkc(t)zfjo f(s,t)cosTds,aks(t)ztj0 f(s,t)sin Tds
47°k? 27K
/’Lk = ?,ﬂﬁ = T
For FDS with

T(x t)=uy(t) ()= f(x;.t) j =1

we obtain the system of vector-difference equations:

(6)
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0, (t) = —KAU, (t)+ PA°, (t)+ £, (t) u, (0) =T, (x,),

where  uj— M-order column-vector with the elements u™, m=1,M ;

A, Ao —the difference operators defined in the 2n-points stencil (Xj.n, ...,X;, .., Xj +n), With the
order of approximation (h?"):

:hiz(cn(u (t)+uj+n(t))+ +C( ()+U,+1())+C0UT(t))’

AOUT(I)=%(Cn(UT+n(t) U,n(t))"' +C1(UJ+1(t) uT—l(t)))'

C,=-2>, C,m=LM.

Aul'(t)

We have 2 circulant matrices:

~A=A= —hiz[co,cl,...,c,,,o,...,o,cn,cn,l,...,cz,cl],

A=A :%[O,cl,cz,...,cn,0,...,0,—cn,—cn_l,...,—c2 —C,]
which can be also represented in the form A = WDW", A° = WD°W",
where D, D°— diagonal-matrices with the elements s, 1, k= 1N .

In this form we can consider FDSES. In the real form we have

u;(t)= Z;E;(akc(t)cos%ﬂkj +a,(t)sin Z—ﬂkjj ay(t)

2

where  axc(t), aks(t) — M-order column-vectors.

2.7. Solution in matrix form
We can write difference equations in the matrix form

Ut)=(-K®A+P® A li(t)+ (1), (7)
where MN-order matrices
koA kA PLA’ o Py A
K®A=| .. .. .. |POA°=
KA o Ky A PusA” o PumA°

are defined with Kroneker-tensor product;

u(t), u(0), f(t) — MN column-vectors with the elements
ul(t)u(0), f",m=1LM, j=LN.

J Pl

Matrices can be represented in the form A = WDW", A° = WD°W", and solved by Matlab (operator
“kron”).

For real representation we can use
Acos, = s, €0, , A’ cOs, =—|u|sin,,
Asin, =y, sin,, A°sin, :‘yf‘cosk,
where sing, cosx — N-order vectors with the elements

27Kj 27Kj
sin N CoS—— .

We have orthonormed conditions
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Z?:lsin , COS, = Z?:lsink sin, = ZLCOSk cos, = %5k,s :
Then for fixed frequency k of oscillations the solution can be found in the form
u(t)=d,(t)sin, +d_(t)cos,
where  ds(t), de(t) — unknown vector-functions of the time.
Then
u(t)=d,(t)sin, +d_(t)cos,,
Au(t)= 4, (d(t)sin, +d_(t)cos, ),

2.8. Nonlinear system of heat transfer equations
We consider the nonlinear system of M-heat transfer equation in the following form:
aT(xt)  2%°9,(T(xt)) _ag,(T(xt))
=K —2 +Pp=2 +0.(T(x,t 8
with the periodic boundary conditions, gi(T) = T% go(T) = T%, gi(T) = T’ are the power functions.
The discrete equations are in the form

0t)= (- K © AN (0)+ (P © A 70 ©

3. Results and discussion

In the present chapter we have solved the heat transfer equation (1) and the discreate form (4), the
linear system of two heat transfer equations (5) and the nonlinear system of two heat transfer equations
(8) for fixed parameters. Also, as an example according to the above mentioned theoretical guidelines,
we have solved the 3-D diffusion problem of peat block.

3.1. Results for linear system of ODE (4)
For (1) and (4) we consider the following parameters:
K, =2,P, =-5,L=1T,(x) = B, sin(22x)+ B, cos(27x)
( x)= A (t)sin(27x)+ Az( )cos(27zx)
B,=0B,=-1A =5,=-
The solution is in the form
u(t, x)=d, (t)sin(272x)+d, (t)cos(27x)
and we obtain 2 ODEs:

~
+
Z
-—
o
iy
—
o
~—
Il
o
-

d,(t)=-4K,7z%d,(t)- P,2d, t
{dz(t): ~4K ,7°d, (t)- P, 27, (t)+ A, (t),d,(0)=B,
or in the system
d(t)= Ad(t)+Gd(t), for vectors d(0), G(t)
with the coordinates B1, B2; Ai(t), A2(t) and matrix

%_—4}(0;:2 2Pz
2R —4Kyr?

This system can be solved by MATLAB solver “odel5s™.

We obtain the discrete solution from (4), where Uy, F(t) are the N-order column-vectors with the
elements Bisin(2zxx;) + B,cos(27x;) and Aq(t)sin(2zx;) + Ax(t)cos(27x;).
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We obtain the following maximal errors for N = 10 depending on the approximation order of
derivatives u”(x), u’(x): 0.0050(0(h?), 0.0039(0(h%)), 2.3-103(0(h®)), 1.8:105(0(h?)), 2.5-10¥(FDSES).
It is seen that the maximal error in using the FDS method (1.8:10) is two order higher than the
FDSES method (2.5:10%). In Fig. 1 we can see the solution u(t,x) by N =10, with the periodical
conditions by x = 0, x = 1 and maximal value u(0.5,0) = 1, u(0.5,t) = —d(t) > 0.
1
08

08

Fig. 1. Solution u(t,x) by N = 10

3.2. Results for linear system of two heat transfer equations (5)

We have an example: M=2, L=1, =01 To(X)=Byisin(2zx) + B1.c0s(27x;),
To?(X) = B21Sin(2zx) + Boocos(2zxj),  fH(x,t) = Ara(t)  sin(2mx) + Ao(t)  cos(2ax),  fA(x.t) = Aza(t)
Sin(27rx) + Az,z(t) COS(Z?Z'X), Bl,l =0, Bl,z =1, Bz,l =-1, Bz,z =0, A1,1 =5, A1,2 =10, A2,1 =-10,
Az = -5, and we can consider 2 matrices

5 B, B e Ar A
B:{Bz,l Bz,zJ'A_(Az,l Azzj

2 -3 2 -5
K = P =
S L
with the eigenvalues Ak = (1;5), Ap = (1;-3).
We find the solution in the form
TY(x,t) = di2(t)sin(2zx) + di2(t)cos(2zx), T2(X,t) = dz1(t)sin(27x) + da2(t)cos(27x),
then we obtain 4 ODEs for solving the coefficients di 1, d21, da1, d22:

d(t)= Ad(t)+ F(t)d(0)=d,,

—4A7*K  —27P
AZ = 2 !
2P —4r%*K

Matrices

where the matrix

4-order column-vectors are
d = (du1, d2,1, d21, d2)", d(0) = (B11, Baa, B2, B22)', F = (Avy, Aza, Az, Az2)'.

We have the following maximal errors for solutions T*, T2 (Table 1):
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Table 1
Maximal errors for solutions T2, T2

FDS
oM o) o) o) FDSES
N=10 [N=20 | N=10|N=20 |[N=10 | N=20 | N=10 |[N=20 | N=10 | N=20
TT | 0.0071 | 0.0017 | 0.0113 | 0.0028 |8.3-10° | 0.0016 |5.6-10° | 2.1.107|5.3-10% | 9.9-10°
T2 | 0.0032 | 0.0008 | 0.0043 | 0.0011 |8.5-10°| 0.0006 |6.1-107| 2.6-107| 2.0-10°|9.6-10°

The maximal error using the FDS method, with increasing the number of grid points (from N = 10
to N = 20) under orders O(h®) and O(h®), increases, while using the FDSES method, increasing of N
does not change the error’s round.

In Fig. 2-4 we can see the matrix coefficients d(t) depending on t and the solutions depending on x
and t (in Fig. 2 the coefficients tend to stationary solution already by t = 0.1; in Fig. 3, Fig. 4 we can see
different behaviour of the solutions u; and uy).

Max.
errors

—di1
08l —_—1 |
—12 1
06 | =———d22]-
04r 05
0.2
o 0
g o0 2
-0.2 . -0.5
-04
: : -1
-0.6 : : 0.1
-0.8
1 i
] 0.02 0.04 0.08 0.08 0.1

Fig. 2. Matrix coefficients d(t)
dependingont, N=20

Fig. 4. Solution T%(x,t)

3.3. Results for nonlinear system of two heat transfer equations (8)

For equation (8) we have following maximal (Mv1, Mv,) and minimal (mvi1, mv,) values of solutions
Vi = Uy, V2 = Up for M = 2, t, = 10 depending on t (Table 2):

1. a=p=3,y=2(in Fig. 5 we have symmetric, periodic oscillations in the space, the solution is
stationary).
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Table 2
Max-min values of £ us, £ Uy
Max- N = 40 N = 80
min FDS FDS
values | () | O o) om® | PSES T omey | FPSES
+u, | 017752 | 0.17755 | 017686 | 017715 | 017715 | 0.17723 | 017723
fu, | 0.10843 | 0.10847 | 010791 | 0.10822 | 0.10822 | 0.10827 | 0.10827

We can see that with increasing of an accuracy of the solution, it tends to constant values —
U1-=+0.17723, u, = £ 0.10827, using both studied methods.

2. InFig. 6 we can see results by a = =3, y=2, L =3, N =80 (solution slowly tends to stationary,
only by t = 20).

3. Inthe next Fig. 7, Fig. 8 there are represented results by a1 =5, 02 =3, =3, y=2,L=3, N =40,
tp = 5 for 0.1-K with eigenvalues (0.1; 0.5), where g1(T) = [T, x€[1,N], T2, x [N + 1,2N]].

We can see the oscillations in time (in Fig. 7 there are solutions v, vz by t =5). We obtain the
following maximal values us, u; depending on n=1,2,3,4 and for FDSES: 1.5461; 0.9288, O(h?),
1.4914; 0.8911, O(h%), 1.5061; 0.8969, O(h®), 1.4919;0.8894 O(h®), 1.5081; 0.8945 (FDES).

It can be seen that, with increasing the precision (order O(h®)), the solution with the FDS method
tends at a solution obtained by the FDSES method with error approximately 1.2% (u1), 0.6% (u.).

1

o8

08

04

02r ]
Mv1

0 myvl
— Mv2

02 mv2
04
0.6

08

Mm

1

0 5 10 18 20

Fig. 5. Solutions by t, = 10, N =40
depending on x

Fig. 6. Maximal and minimal values
dependingont, L =3

Fig. 7. Solutions by t,=5,L =3
depending on x

Fig. 8. Maximal and minimal values
depending on t
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4. Solution of 3-D diffusion problem of peat block

In [5] the concentration of metals Fe and Ca in the layered peat blocks is investigated. Using the
experimental data, the mathematical model for calculation of concentration of metals in peat layers are
developed. It is necessary to solve the 3-D boundary-value problems for PDEs with periodical boundary
condition in one (x) direction.

We develop here a method for solving of a problem of one peat block with periodical boundary
condition in two (X, y) directions.

The process of diffusion is considered in 3-D parallelepiped
Q:{(x,y,z):OSXS L.0<y<L,0<z< LZ}

We will find the distribution of concentrations of metals Ca in the peat block ¢ = c(x,y,z,t)
by solving the following 3-D initial boundary value problem for partial differential equation

(PDEs):
©_2(0,%).2n,%). 0(5,%)
ot ox\ *ox) oyl Yoy) oz\ ‘oz

t e(O,tf ),Xe(O, LX), ye (O, Ly),z € (O, LZ),
ac(0,y,2,t) _ ac(L,,y,z,t)
OX

c(0,y,z,t)=c(L,,y,z,t),

OX ' (10)
c(x0,2,t)=c(x,L,,zt) 5C(Xé(;, zt) _ GC(X,E}L;,z,t),

c(x,y,L,,t)-c,(x,y)=0,D, —alc(x,y,0,t)-c,,(x,y))=0,

c(x,y,2,0)=c,(x,y)te(0,),

where Dy, Dy, D, — the constant diffusion coefficients;
o — constant mass transfer coefficient at z = 0;
Caz(X,Y), Coz(X,Y), Co(X,y) — given concentration on the boundary z = 0, z = L, and at the time
t=0;
t, — final time, in X and y direction we have periodical BCs.
We consider the solution in the following form:

C(X,y,Z,t) = C(Z,t)fl(X)fz(y),Caz = Cazf1(X)f2(y),CoZ = Ctol(X)fz(y),Co = Cofl(X)fz(y),Lx = Ly =1,

where  fi(x) = ai(sin(2zx) + cos(2xx)), f1(x) = ax(sin(2zy) + cos(2xy)),
Then we have following 1-D initial boundary value problem in z-direction:

2
iac(z,t)z_agc(z,t)Jr&?t),ze(o, L,)
5 pe (11)

c(L,,t)-C,, =0,D, % ~a(C(0,t)-C,, )t €(0,t,),c(2,0)=C,,

where al = MZ(%JFDV) .

Using a uniform grid with the number of the grid points Ny = Ny = 10, N, = 20 we can define the
finite difference matrix A of N,-order and solved the discreate ODEs system (11) by MATLAB routine
chdepe”.

The numerical results are obtained for [5]:
th=65, Caz=4.63mg-m3, Cop, =1.13mg-m3, & =200 m-s?, D,=10°m?-s?, Ly=Ly=1m, L, =3 m,
Dz = Dy = 3'10_4 mz'S"l, 8.1 = a.2 = 01, CO = ((Caz - COz) ' Z/Lz) + COz.

The stationary solution C(z) for (11) we can obtain also analytically by solving the following
boundary-value problem for ODEs of second order:
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_a2c(z)+ 9 ZCSZ) =0,z¢(0,L,)
c(L,)=C,,D, di—(o)—a(C(O)—Coz)z 0

z

The solution is C(z) = Assinh(aoz) + Azcosh(agz), where

A - C,, —Cy, cosh(a,L,) )’Az _c, +

sinh(a,L, )+ a,D, cosh(a,L,

AlaO Dz

There are represented the stationary solution C(z) (Fig. 9), and the solution depending on t, z

(Fig. 10).

Changes of concentrations have similar characters — concentrations of Ca very fast decrease with

the depth increasing from 4.63 to 1.13 mg-m=. Major concentrations of heavy metals are observed at
the top layers of peat.

Clz)
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351

3

251

0 05 1 15 2 25 3

Fig. 9. Stationary solution C(z) Fig. 10. Nonstationary solution C(t,z)

Conclusions

1.

For higher order of approximation in space the differential operators multi-points stencil is used:
for the second and first order derivatives with approximation O(h?"), with N grid points and with
2n + 1 < N points stencil, circulant N-order matrices and eigenvalues are obtained.

The considered methods illustrate the simplicity and flexibility of finite-difference schemes: FDS
with higher order approximation and FDSES with exact spectrum. For linear equations, regardless
of the number of grid points, the FDSES method yielded a more accurate solution than the FDS
method - the order of maximal error for equation (1) using the FDS method is two times higher than
the FDSES method.

For linear system equations (5) the maximal error using the FDS method, with increasing the
number of grid points N, increases, while using the FDSES method, increasing of N does not change
the error’s order (see Table 1).

For nonlinear system equations (8) with increasing of an accuracy of the solution, the maximal and
minimal values of solutions tend to constant values using both studied methods (see Table 2). It can
be seen that, with increasing the precision of FDS, the solution with the FDS method tends to a
solution obtained by the FDSES method with error approximately 1.0%.

The effectivity of above-mentioned methods — FDS and FDSES for PBC is obtained by using
circulant matrices, which simplified computational algorithms, and thus allowed a significant
reduction in the amount of calculations to be performed.

MATLAB routines “odel5s” and “pdepe” were used for solving linear and nonlinear systems of
parabolic type equations, which allowed to obtain the solutions of 1-D stationary and nonstationary
boundary value problems.
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7. 3-D diffusion problem of metal concentration in the peat block with PBC (10) is reduced to 1-D
initial boundary values problem (11) using two fixed functions in X, y directions. Numerical
experiment, using MATLAB routine “pdepe”, showed that the nonstationary solution (depending
on (z,t)) of the above mentioned 1-D problem tends to its stationary solution (depending on z). It
provides new information for further studies on the performance of measurements of heavy metal
concentrations in peat.
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